Abstract In this paper we define the so-called twisted Heisenberg superalgebras over the complex number field by adding derivations to Heisenberg superalgebras. We classify the fine gradings up to equivalence on twisted Heisenberg superalgebras and determine the Weyl groups of those gradings.
Introduction
Group gradings (or simply, gradings) on Lie algebras emerged at the beginning of Lie Theory and since then have been extensively used. The Cartan decomposition of a semisimple Lie algebra is one of the most interesting fine gradings, which has a heavy influence in Lie algebras and their representation theory. There are also numerous applications of gradings on various algebraic structures. For instance, gradings on the tangent Lie algebras of Lie groups are used in symmetric spaces; finite cyclic group gradings of finite dimensional semisimple Lie algebras are used in Kac-Moody algebra theory, etc.
In the last ten years there has been an increasing interest in the gradings on a wellknown algebraic structure and the study used to be focused on the simple ones including simple Lie algebras and simple Lie superalgebras. For instance, a classification of fine gradings up to equivalence on all classical simple Lie algebras over an algebraically closed field of characteristic 0 has been completed (see [13] ). For further information pertaining to gradings on various simple algebras the reader is referred to [2-6, 8-12, 14, 17, 18, 20] and the references therein. Recently, the gradings on non-simple Lie algebras have also been considered. Among them the gradings by abelian groups on filiform algebras (which are nilpotent Lie algebras) are classified up to isomorphism (see [1] ) and the fine gradings on Heisenberg (super)algebras and twisted Heisenberg algebras (which are nilpotent or solvable Lie superalgebras) are classified up to equivalence (see [7] ).
One of the important ingredients in the group grading theory is the notion of Weyl groups, which is a generalization of the usual one for Lie algebras and in which the symmetry for a graded algebra is included in a sense. Patera and Zassenhaus initiated the study of Weyl groups of Lie gradings (see [21] ). The reader is also referred to more recent papers on Weyl groups of gradings (see [15, 16] ).
We are concerned with the so-called twisted Heisenberg superalgebras, which are an infinite family of finite dimensional solvable Lie superalgebras, obtained by forming a semidirect product of a Heisenberg Lie superalgebra and a derivation. It is well known that, as in the non-super case, Heisenberg superalgebras and their twisted deformations are very important subjects in the research of both mathematics and physics. In this paper, starting from defining twisted Heisenberg superalgebras, we first classify all their fine gradings up to equivalence and characterize their Weyl groups in a simplest case. Compared with twisted Heisenberg algebras, we can find more than two fine gradings up to equivalence and their Weyl groups are clear and concise in this case. Finally, in terms of blocks, we classify all the fine gradings up to equivalence on complex twisted Heisenberg superalgebras. Furthermore, we determine all the Weyl groups of these gradings.
Preliminaries
All algebras in this paper are assumed to be over the complex number field C and of finite dimensions. We should note that the main results also hold over an algebraically closed field of characteristic 0.
We briefly review some basic definitions pertaining to gradings of superalgebras and for more details in non-super case the reader is referred to [1, 7, 13, 17] . Let A be a superalgebra and G an abelian group. A G-grading on A is a Z 2 -graded vector space decomposition by G,
such that A g A h ⊂ A gh for all g, h ∈ G, in which each A g is called a homogeneous component of degree g. The support of the G-grading is the set S = {g ∈ G | A g = 0}.
Suppose we are given another grading on the superalgebra A g ,
with support S ′ , where H is an abelian group. The gradings Γ and Γ ′ are said to be equivalent if there is a superalgebra automorphism φ of A equipped with a bijection σ : S −→ S ′ such that φ(A s ) = A ′ σ(s) for all s ∈ S; such an automorphism φ is called an equivalence between the gradings Γ and Γ ′ . The automorphism group of Γ, denoted by Aut(Γ), is the group consisting of all the selfequivalences of Γ, i.e., automorphisms of the superalgebra A which permute the components of Γ. The stabilizer of Γ, denoted by Stab(Γ), is the subgroup of Aut(Γ) consisting of all the automorphisms of the superalgebra A that leave each component of Γ invariant. The quotient group Aut(Γ)/Stab(Γ) is called the Weyl group of Γ, which is denoted by W(Γ). The diagonal group of Γ, denoted by Diag(Γ), consists of all automorphisms of the graded superalgebra A such that each component A g of Γ contained in some eigenspace of every f ∈ Diag(Γ). The grading Γ of a superalgebra A is said to be toral if Diag(Γ) is contained in a torus of the algebraic group Aut(A).
A grading Γ is called a refinement of a grading Γ ′ (or Γ ′ a coarsening of Γ) if each homogeneous component of Γ ′ is a (direct) sum of some homogeneous components of Γ. A grading is said to be fine if it admits no proper refinements in the obvious sense.
A G-grading Γ : A = g∈G A g is said to be universal if the following universal property holds: for any coarsening A = g ′ ∈G ′ A ′ g ′ of Γ there exists a unique group epimorphism
For any G-grading Γ : A = g∈G A g , there is a universal grading equivalent to Γ. In fact, if we write G for the abelian group generated by the support of Γ subject to the relations
grading equivalent to Γ, where A g is the sum of all the homogeneous components A g of Γ such that the class of g in G is g (see [20, Section 3.3] ). The group G is called the universal grading group of Γ. Recall that a fine grading is toral if and only if its universal grading group is torsion-free (see [7, Section 2] ). Since A is a finite dimensional algebra, G is a finitely generated abelian group. In view of this fact, in the subsequent sections all the gradings are assumed to be universal.
Twisted Heisenberg superalgebras
Recall that a Heisenberg superalgebra is a two-step nilpotent Lie superalgebra with onedimensional even center (see [7] ). The even part of a Heisenberg superalgebra is a Heisenberg algebra and hence must be of odd dimension. A Heisenberg superalgebra of superdimension (n, m) with n = 2k + 1 has a homogeneous basis 
We denote by H n,m the Heisenberg superalgebra of superdimension (n, m). Let us define twisted Heisenberg superalgebra.
Definition 3.1. Let n be a positive odd number and m ∈ Z ≥0 . Write n = 2k + 1 and suppose 2r ≤ m, where
r , a superspace of superdimension (n + 1, m) with a homogeneous basis {z, u, e 1 , e 1 , . . . , e k , e k | w 1 , w 1 , . . . , w r , w r , η 1 , . . . , η m−2r },
becomes a Lie superalgebra with respect to the multiplication given by the following nonzero
This Lie superalgebra is called a twisted Heisenberg superalgebra, denoted by H A twisted Heisenberg superalgebra is actually a semi-direct product of a Heisenberg superalgebra and an even derivation. Note that the Heisenberg superalgebra H n,m has an even derivation u such that
for all i ≤ k. Define a Lie superalgebra H u n,m := H n,m ⋊ Cu. Then it is clear that the even part of H u n,m is a twisted Heisenberg algebra (see [7, Definition 4] ). Proposition 3.2. Let H n,m be a Heisenberg superalgebra, where n = 2k + 1 is a positive odd number and k, m ∈ Z ≥0 . Let u be an even derivation of H n,m satisfying Eq. (3.3)
r , where r ∈ Z ≥0 and 2r ≤ m.
Proof. Recall that Eq. (3.1) is a homogeneous basis of H n,m . Suppose u(
where all a ji ∈ C. Since u is a derivation, we have a ij = −a ji for all 1 ≤ i, j ≤ m. Then the matrix A = (a ij ) of the restriction of u to the odd part of H n,m with respect to the ordered basis {w 1 , . . . , w m } is a skew symmetric matrix. By [19, Corollary 4.4.19] , A is unitarily congruent to a matrix of the following form:
4 Fine grading on H λ,κ n,m
Torality and basic examples
We are now dealing with two types of fine gradings on H λ,κ n,m , which will be relevant to our work. For each s such that 0 ≤ 2s ≤ m − 2r, write 
Clearly, the grading Γ s 1 is not toral. Let us find a toral fine grading. Let
where i ≤ k and j ≤ r. Then
where i ≤ k, j ≤ r, t ≤ s and h ≤ m − 2r − 2s. Obviously 
n,m with u ′ a homogeneous element of the grading such that the only nonzero brackets are given by
n,m and L 0 denote the even part of L. Since any automorphism leaves invariant [L 0 , L 0 ] = (H n,m ) 0 and z , one sees that z is homogeneous and (H n,m ) 0 is a G-graded subspace.
Since not every homogeneous element of L 0 is contained in (H n,m ) 0 , we can take a homogeneous element a = ηu + h ∈ L 0 with η a nonzero scalar and h ∈ (H n,m ) 0 . Then u ′ := η −1 a is a homogeneous element and u ′ − u ∈ (H n,m ) 0 . Recall that Eq. (4.5) is a basis of L. Then
satisfies the required conditions. Lemma 4.1 tells us a useful fact: for any group grading Γ :
n,m , the element u in Eq. (4.5) can always be assumed to be a homogeneous element of the grading. Let us denote by degu = h ∈ G the degree of u in Γ. Now we will show that h is necessarily of finite order. Denote
is not zero for all t ∈ N. Since there are not more than 2k + 2r linearly independent elements in the set
there is a positive integer p ≤ 2k + 2r + 1 with
, there exists t < p such that g + ph = g + th. Hence (p − t)h = 0, as desired.
Let us denote by l the order of h in G. By Eq. (4.4), we know the set of eigenvalues of
with respective eigenvectors
Then the set of eigenvalues of ϕ| [u,L] is
Set
Fix µ i ∈ Spec(u), consider the eigenspace of ϕ given by
is diagonalizable and
for ξ a fixed primitive lth root of unit. Note that if
for any µ i ∈ Spec(u). Hence
As mentioned above, our aim is to classify all the fine gradings up to equivalence and characterize their Weyl groups for twisted Heisenberg superalgebras. Now we are in position to do that in a special case, while the general case is left to Sections 4.2 and 4.3. (2) The Weyl groups of these fine gradings are
n,m . By Lemma 4.1, we can assume that u is homogeneous with degu = h ∈ G of finite order l. Now we will show that l = 1 or l = 2. Otherwise, take ξ a primitive lth root of unit. As ξµ 1 = ±µ 1 , by Eq.
So we can take a basis of homogeneous elements which are eigenvectors for ϕ. Recall that the eigenvalues of ϕ| [u,L] consist of {±µ 1 , . . . , ±µ k+r }. Let L 0 and L 1 denote the even part and the odd part of L respectively. Take a homogeneous element
for W := x 1 , y 1 , where W and its centralizer Z [u,L] (W ) are G-graded and ϕ-invariant. We continue by induction until finding a homogeneous basis
where V := ker ϕ ∩ L 1 . Then V is a m − 2r-dimensional linear space with a symmetric nondegenerate bilinear form ·, · : V × V → C such that [x, y] = x, y z for all x, y ∈ V. Since V is a G-graded subspace, we can assume that V = g∈G V g , where
• any other inner product of elements in B is zero. (ii) Second consider the case l = 2, that is, 2h = 0 but h = 0. Then ϕ 2 preserves the grading Γ and it is diagonalizable with eigenvalues
for W := x 1 , y 1 , where W and Z [u,L 0 ] (W ) are G-graded and ϕ-invariant. We continue this process on Z [u,L 0 ] (W ) until finding a homogeneous basis
until finding a basis of homogeneous elements
Similar to the first case, there is a homogeneous basis (
we know f (w i ), f ( w i ) ∈ ker(adu) for any i = 1, . . . , r, so we have
Similarly we have
for each j = i and
Hence we can compose f with some θ i 's if necessary to obtain that
for each i ≤ k. Thus, there is σ ∈ S k (the permutation group of k elements) such that
for any i ≤ k, with α, β, α i , β i ∈ C × . From here, the equality
implies that β i λ i = βα i λ σ(i) . Similarly, we have α i λ i = ββ i λ σ(i) . Thus we get λ σ(i) ∈ ±β −1 λ i for any i ≤ k. By multiplying, we have
Hence β 2k = 1. As
λi is not a root of unit if σ(i) = i, we conclude that σ = id. For each index i ≤ r, there exists a unique
for all j ≤ s, h ≤ m − 2r − 2s and ϑ i (w j ) = w j , ϑ i ( w j ) = w j for each j = i. Hence we can compose f ′ with some ϑ i 's if necessary to obtain that
for each i ≤ r. Thus, there is σ ′ ∈ S r such that
for any i ≤ r, with α 
(ii) For the other case, there exists a unique µ ∈ Aut(Γ s 2 ) such that
. Then there are α, β ∈ C × such that f (z) = αz and f (u) = βu. If f (u i ) is a multiple of either u j or v j for some j, this clearly implies that f (v i ) also is, hence there is σ ∈ S k such that
Hence we can compose f with some ̺ i 's if necessary to obtain that
for each i = 1, . . . , s. Thus, there are τ ∈ S s , ς ∈ S m−2r−2s such that
So we have
It is clear that we can identify W(Γ 
Fine gradings in the general case
In the general case, the situation is much more complicated. In order to describe all the fine gradings, we previously need to give some key examples. Similar to the situation of the twisted Heisenberg Lie algebras (see [7, Section 6.4] ), these examples motivate the definition of the block of type I, II and III.
For ξ a primitive lth root of unit, α, β nonzero scalars, we consider the twisted Heisenberg superalgebra H λ,κ 2l+2,2l corresponding to λ = (λ 1 , . . . , λ l ) = (ξα, ξ 2 α, . . . , ξ l−1 α, α) and κ = (κ 1 , . . . , κ l ) = (ξβ, ξ 2 β, . . . , ξ l−1 β, β). Thus
with the definition of u i 's, v i 's, f i 's and g i 's as in Eq. (4.3) and 1 ≤ i ≤ l. Take now 
for all i = 1, . . . , l − 1. Obviously
is a family of independent vectors such that the only nonzero brackets are given by Eq. (4.8).
Therefore we have a fine grading on L = H λ,κ 2l+2,2l over the group G = Z 2 × Z l given by
where
where the indices are taken modulo l. It is not difficult to check the Weyl group of the grading described in Eq. (4.9) is generated by the classes
If l is odd, the maps θ, θ are still automorphisms, but ϑ and ϑ are not longer automorphisms. Now there exists a unique ϑ ′ ∈ Aut(Γ) such that ϑ ′ (u) = −u, ϑ ′ (z) = z and
for all i ≤ l. It is not difficult to check the Weyl group of the grading described in Eq. Let L be a Lie superalgebra, z ∈ L a fixed even element, u an arbitrary even element and α, β ∈ C × . A set {x 1 , y 1 , . . . , x l , y l }, which will be called a block of type B I l (u, α), or simply be called an even block of type I, is given by a family of 2l independent even elements in L, satisfying that the only nonzero products among them are the following:
where 1 ≤ i ≤ l − 1. A set {ω 1 , ν 1 , . . . , ω l , ν l }, which will be called a block of type B I l (u, β), or simply be called an odd block of type I, is given by a family of 2l independent odd elements in L, satisfying that the only nonzero products among them are the following:
To give the next example, fix a primitive 2lth root ζ of unit and nonzero scalars α, β. Consider now the twisted Heisenberg superalgebra
and the the nonzero Lie brackets are given by
where 1 ≤ i ≤ l, 1 ≤ j ≤ s and 1 ≤ t ≤ p. Take now
Observe that {x 1 , . . . , x 2l | y 1 , . . . , y 2l } is a family of linearly independent elements satisfying
, then i and j − 1 have the same parity and Clearly, there exists a unique ρ ∈ Aut(L) such that
for all i = 1, . . . , 2l (mod 2l) and ρ| V = id, where V is the subspace spanned by Definition 4.4. Let L be a Lie superalgebra, z ∈ L a fixed even element, u an arbitrary even element and α, β ∈ C × . A set {x 1 , x 2 , . . . , x 2l }, which will be called a block of type B II l (u, α), or simply be called an even block of type II, is given by a family of 2l independent even elements in L, satisfying the only nonzero products among them are the following:
where 1 ≤ i ≤ 2l. A set {y 1 , y 2 , . . . , y 2l }, which will be called a block of type B II l (u, α), or simply be called an odd block of type II, is given by a family of 2l independent odd elements in L, satisfying that the only nonzero products among them are the following:
. . , z p }, which will be called a block of type B III s,p (u), or simply be called a block of type III, is given by a family of 2s + p independent odd elements in L, satisfying that the only nonzero products among them are the following:
In fact, all of the gradings on a twisted Heisenberg superalgebra can be described with blocks of type I, II and III, according to the following proposition.
is a basis of homogeneous elements of Γ, where X j is a block of type B Proof. Recall that z is always a homogeneous element. By Lemma 4.1, we can assume that u is also homogeneous of degree h ∈ G, necessarily of finite order. Let l ∈ Z ≥0 be the order of h. Take ϕ = adu and consider again the subspaces V µi and V l µi . Recall that V l µi is a ϕ-invariant G-graded subspace for all µ i ∈ Spec(u).
(1) Let us discuss first the case that l is odd.
is a family of linearly independent elements of L. Now observe that Eq. (4.6), together with the fact that l is odd, one sees
. . , l − 1, and we can take a nonzero
By scaling if necessary, we can suppose [x, y] = λ 1 z. Then degz = g + p. As above, we also have that {y, ϕ(y), . . . , ϕ l−1 (y)} is a family of linearly independent elements of L satisfying
Hence we have i + j is a multiple of l. That is, for each 0 ≤ i, j < l,
Indeed, take ξ a primitive lth root of unit and write x = l−1 j=0 a j and y = l−1
It is clear that the family
is linearly independent. Recall that µ 1 = −iλ 1 . We have 
is a family of linearly independent elements of L. By induction on n it is easy to show
The same arguments that in the odd case say that again
where W and Z [u,L] (W ) are G-graded and ϕ-invariant. Case 2. Assume that there exists a nonzero element
By scaling if necessary, we can assume [x, ϕ(x)] = µ j λ j z. As above one sees that {x, ϕ(x), . . . , ϕ l−1 (x)} is a family of homogeneous linearly independent elements of L satisfying
for any i = 1, . . . , l. Thus the set
where W and Z [u,L] (W ) are G-graded and ϕ-invariant.
(ii) Suppose k + 1 ≤ j ≤ k + r. Case 1. Assume for any g ∈ G and any 
where W and Z [u,L] (W ) are G-graded and ϕ-invariant. Case 2. Assume that there exists a nonzero even element
is a family of homogeneous linearly independent elements of L satisfying
. By a direct computation we have
In summary, we can continue this process on Z [u,L] (W ) until finding all t + t ′ blocks of type I and q + q ′ blocks of type II. (3) Finally, we will find the block of type III. By [7, Lemma 2] , for each grading Γ, there is a homogeneous basis
Thus the set {p 1 , q 1 , . . . , p s , q s , z 1 , . . . , z p } is a block of type B 
Then X i is a block of type B where λ = (λ 1 , . . . , λ k ) and κ = (κ 1 , . . . , κ r ).
Next we will classify all the fine gradings up to equivalence. Similar to [7, Lemma 5] , we have the following lemma.
Suppose L contains some blocks of types I or II.
(
From now on ξ, ζ ∈ C will denote some fixed lth and 2lth primitive roots of unit, respectively. Let α := {αξ t : t = 0, . . . , l − 1},
where α ∈ C. Now we are able to classify all the fine gradings up to equivalencefor twisted Heisenberg superalgebras. 
and for some β = (β 1 , . . . , β t ), 
where β = (β 1 , . . . , β t ),
We only give the proof of (1). Similar to [7, Theorem 5] , by Lemma 4.6, we have (2) and (3).
The fact that any fine grading is like Eq. where where 
By Theorem 4.7, when one wants to know how many gradings are on a particular twisted Heisenberg superalgebras H λ,κ n,m , it is enough to see how many ways are of splitting {±λ 1 , . . . , ±λ k , ±κ 1 , . . . , ±κ r } in the way described in Eq. (4.12). So we have six fine gradings:
• Z 5 -grading Γ(1, 2, 1, 0, 0, 1, 0; 1, 1, i) (the only toral fine grading, Γ and for all i = j, If l is even and the automorphism f ∈ Aut(Γ) such that f (z) = z and f (u) = u, then the image [f ] of f in W(Γ) belongs to the group generated by 18) where j ≤ t, j
Proof. Fix j ∈ {1, . . . , t}. There is c ∈ {1, . . . , t} such that δ c = β j (see Eq. (4.15)). Suppose X j is the jth block, which is a block of type B I l (u, δ c ). Since f (u) = u, we have f ( X j ) = X j , so it must generate the subspace spanned by the dth block for some d such that δ c = β d . In other words, there is η ∈ S m1 × · · · × S m t such that f applies the jth block of type I into the span of the η(j) = dth block of type I. In the same way, there are η ′ ∈ S m ′ Similar to [7, Lemma 7] , we have the following technical lemma. 
